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THE PROBLEM OF TURBULENT NATURAL CONVECTION AT A VERTICAL 
IMPERMEABLE FLAT SURFACE 

P. M. Brd l ik  

I n z h e n e r n o - F i z i c h e s k i i  Zhurna l ,  Vol. 13, No. 2, pp. 162-167,  1967 

UDC 536.25 

An approximate solution is presented for the turbulent natural con- 
vection which for a local coefficient of heat transfer yields a func- 
tion of the form Nu x ~ (OrxPr}/S. The solution is in satisfactory 
agreement with experimental data. 

The ove rwhe lming  bulk of expe r imen ta l  data  on 
tu rbu len t  na tu ra l  convect ion  developing at an i m -  
p e r m e a b l e  ve r t i c a l  su r face  leads  to a r e l a t ionsh ip  be -  

tween the h e a t - t r a n s f e r  coeff ic ient  and a Rayle igh 
n u m b e r  of the fo rm Nu x ~ Ralx/3, i. e . ,  to heat  t r a n s -  
fe r  that is independent  of the longi tudinal  coord ina te  
X .  

The only theo re t i ca l  solut ion of t u rbu l en t  na t u r a l  
convect ion ,  obtained by Ecker t  and Jackson  [1], y ie lds  
a change in the local  heat  t r a n s f e r  f rom the Ra x n u m -  
be r  accord ing  to the 0 .4- law:  

prz/~s 
Nux = 0.0295Ra ~ , (i) 

( 1 + 0.494Pr-'/3) ~ 

which leads  to not iceable  d ive rgence  f r o m  expe r imen t  
(Fig. 1), i n c r e a s i n g  as the Ra x n u m b e r  i n c r e a s e s .  

The cause  of this  g rea t  d ive rgence  in the t h e o r e t i -  
cal solut ion [1] f rom expe r imen ta l  data is to be sought 
in the i n c o r r e c t  u t i l i za t ion  of the Blas ius  law, de r ived  
for forced flow, for  the t angent ia l  s t r e s s  at a wall  in 
p rob l ems  of na tu r a l  convect ion.  

The p r inc ipa l  d i f fe rence  be tween n a t u r a l  and forced  
convect ion  is the s ign i f ican t  effect on the development  
of flow and heat  t r a n s f e r  in m a s s  ( l i f t ) fo rces ,  no t t aken  
into cons ide ra t i on  by the Blas ius  fo rmula .  In the gen -  
e r a l  case  the use  of the Blas ius  f r i c t ion  law for  so lu -  
t ion  of p r o b l e m s  in  t u rbu l en t  n a t u r a l  convec t ion  is 
t he r e fo r e  not obvious.  

We employed a somewhat  d i f fe rent  approach to the 
ana ly s i s  of the t r a n s f e r  of heat  in t u rbu l en t  na tu ra l  
convect ion,  developing about i m p e r m e a b l e  v e r t i c a l  
f lat  su r faces .  Re ta in ing  the same  e x p r e s s i o n  as the 
Blas ius  law (in t e r m s  of the f o r m  of notat ion) for  the 
t angen t ia l  s t r e s s  at  the  wal l ,  we a s s u m e  

u k 

where  the exponent  k and the cons tan t  C a r e  found by 
r e s o r t  to expe r imen tM data on t u rbu l en t  na tu r a l  c o n -  
vect ion.  

Using the Reynolds  analogy with a c o r r e c t i o n  f a c -  
to r  in the fo rm of P r  -2/~ by means  of which we take 
into cons ide ra t i on  the devia t ion  of the analogy in 
P r and t l  n u m b e r s  d i f ferent  f r o m  1, we wr i t e  the ex-  
p r e s s i o n  for the heat  flow at  the wal l  

q,~ = Cg p cpu~ O~ Pr -2/~. (3) 

The d i s t r ibu t ion  of t e m p e r a t u r e  and veloci ty  in the 
boundary  l ayer  is a s s u m e d  on the bas i s  of the none- 
seventh" law: 

0=0  [ . ( r  
�9 , .  y )~ (, 

where  u 1 is some  unknown exp re s sed  in uni ts  of v e l o c -  
ity. In the l a s t  exp re s s ion  the fac to r  (1 - y/6) takes in -  
to cons ide ra t i on  the fea tu re  of na tu ra l  convect ion  that 
veloci ty  at the ex te rnaI  edge of the boundary  l aye r  is 
equM to zero .  

Having subs t i tu ted  (2)-(5)  into the in t eg ra l  r e l a t i o n -  
ships of m o m e n t u m  

6 6 

C l ; u 2 d g = g ~  ~  %p (6) 

0 0 

and ene rgy  
6 

d ~ u O d g = ,  q* , (7) 
dx j g9 Cp 

0 

we obtain the o r d i n a r y  d i f fe ren t ia l  equat ions r e l a t ing  
u 1 and the th ickness  of the  boundary  l a ye r  5: 

0.0523 dxd (u~f)=O.125g[~OwS_Cu~ ( ~ 6  ) k ,  

(+; 0.0366 ~ (ul5) = Cul Pr -2/s. 
dx 

System (8) can be solved by the subs t i tu t ions  

(8) 

U 1 = Cn xm,  

5 = C~x", 

(9) 
(io) 

which yields  

0.0523 (2m -t- n) C~C~x ~m§ =0.125g l]0w Cs x" - -  
k 2--k k x2m--k(m~n} - - C v  Cn C6 

0.0366 (m --F n) C,~C~ x re§ : 

f d - - k  r.--k Xm--k(m+n } = C Pr -2/s,~k ~n t-a 

( I i )  

For  sys t em (11) to be sa t i s f ied  for any x, the ex -  
ponents  of x m u s t  be equal:  

2m -t- n - -  1 = n = 2 m - - k ( m  -I- n), (12) 

m-F n i  1 = m - - k ( m - J c n ) .  (13) 

To find the exponents  m,  n,  and k we thus have two 
condi t ions ,  (12) and (13). As the th i rd  condi t ion we 
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may  have tha t  we l l -known  e x p e r i m e n t a l  fact  [2-11]  
tha t  in the  e a s e  of t u rbu l en t  n a t u r a l  convec t ion  at  i s o -  
t h e r m a l  v e r t i c a l  s u r f a c e s  the  flow of hea t  qw at a wal l  
is  cons t an t  and independent  of x, With  subs t i tu t ion  of 
(9) and (10) into (3) we have the condi t ion  

m - -  k(m + n) = 0. (14)  

The joint  so lu t ion  of (12)-(14)  y i e ld s  

m = n --/e = 1/2. (15) 

Having i n t roduced  the va lues  of m,  n, and k into 
(11) and so lv ing  the  r e s u l t i n g  equat ions  r e l a t i v e  to the  
p a r a m e t r i c  cons t an t s  C n and C5 ,  we have  

Cn 1.845vPr_5/6 (g[30~ pr') '2 - -  -- X 
~2 

( )'' 
• 2.14 + Pr 2a ' (16) v 

- 16  
C~= 7.4 C ~-''a (g [~0~ Pr x 

t ~2 

• Pr z'a Pr , (17) 

whence with  c o n s i d e r a t i o n  of (9) and (10) we find the 
t h i c k n e s s  of the  bounda ry  l a y e r  and the quant i ty  u 1 : 

5 = 7 . 4 C  ~a (g~,. ~0~ Pr)\-v6 • 

( 2 " i 4 + P r ' / a )  Pr-b"6.U/2 (18) 
• p f f / ~  

1/2 
u~ = 1.845vPr -5/6 [g ~0~ Pr • 

pre/a ~ i/2 
• 2.14+ pre/a ) xl/2 . (19) 

The r e l a t i v e  b o u n d a r y - l a y e r  t h i c k n e s s  5/x and the  
Reyno lds  n u m b e r  c o n s t r u c t e d  f r o m  the m a x i m u m  v e l o -  
c i ty  of the bounda ry  l a y e r  R e m a  x = UmaxX/u,  w h e r e  
Urea x = 0.537ul,  a r e  def ined  by  the f o r m u l a s  

6 7.4C/a RazV6 ( pr2/a )-~,,6 
x 2.14+ Pr 2/a " Pr -*,'6, (20) 

Remax = 0.99Ra~/z ( pr2/a ]\ 1/2 Pr -5,'6. (21) 
2.14+ Pr 2/a ,, 

Having subs t i t u t ed  the  hea t  f low qw f r o m  (3) into 
the  loca l  Nusse l t  n u m b e r  Nu x = qwx/0 w X, with c o n -  
s i d e r a t i o n  of (18) and (19), we obta in  

Nu*= 1 C2/a ( 2  2.14+pr2/apr 2/a - ) '/a Ra~/a . (22) 

The g r e a t e s t  n u m b e r  of e x p e r i m e n t s  on t u rbu l en t  
n a t u r a l  convec t ion  has  been  c a r r i e d  out with a i r ,  and 
fo r  the complex  

l c2 /a (Pr2 /3  ),/3 (23) 
[ = ~ -  2.14+Pr2/a 

t h e s e  y ie ld  the  fol lowing va lues :  ~ = 0. t35 (a f te r  Mi-  
kheev  [11]); 0.140 (a f te r  K i r p i c h e v  and Gukhman [6]); 
0.148 (a f t e r  E igenson  [4]); 0.109 (a f t e r  Saunde r s  [3]); 
and 0.130 (,after King [5]). 

A s s u m i n g  an a v e r a g e  value  of ~ = 0.13 for  P r  = 0.72,  
f rom (23) we f ind the cons tan t  C = 0. 253. If we i n t r o -  
duce th is  into (22), (20), (2), and (3), we will  f ina l ly  
obta in  

pr2/3 ) b'3 

Nu, = 02Ra~ a 2.14 + Pr u/a ' (24) 

_ _ =  ( pr2/3 ) I'6 pr .~6 ' 5 2.96Ra~.i ~ (25) 
x 2.14 + Pr2/a 

~ -- 0.253,o a~ (26) 

q~ 0.253gp%O~u~ (--~'6 ) j2 = Pr -~'a. (27) 

In Fig .  2 we have a c o m p a r i s o n  of the  e x p e r i m e n t a l  
da t a  with f o r m u l a  (24). As we can see  f rom the f igure ,  
f o r m u l a  (24) shows c o n s i d e r a b l y  b e t t e r  c o n v e r g e n c e  
with e x p e r i m e n t  than the E c k e r t  and Jackson  so lu t ion  
( see  Fig .  1). 

In view of the  a b s e n c e  of e x p e r i m e n t a l  da ta  on t u r -  
bulent  na tu r a l  convec t ion  on v e r t i c a l  s u r f a c e s  in the 
r eg ion  of P r  << 1 the e x p e r i m e n t a l  F e d y n s k i i  [10] da ta  
on the a v e r a g e  t r a n s f e r  of hea t  in l iquid m e t a l s  in the 
c a s e  of t u rbu len t  n a t u r a l  convec t ion  in h o r i z o n t a l  tubes  
a r e  p lo t ted  in rough  a p p r o x i m a t i o n  in F igs .  1 and 2. 
As was to be expec ted ,  the  F e d y n s k i i  e x p e r i m e n t s  l ie  
somewha t  h i g h e r  than  the t h e o r e t i c a l  so lu t ion ,  r e t a i n -  
ing the  fundamenta l  r e l a t i o n s h i p  of hea t  t r a n s f e r  as  
a funct ion of the P r  number  e x p r e s s e d  by f o r m u l a  (24). 

NOTATION 

x and y a r e  longi tud ina l  and t r a n s v e r s e  c o o r d i n a t e s  ; 
Nu x is  the  l oca l  Nusse l t  number ;  Ra x = G r x P r  i s  the  
loca l  R a y l e i g h  numbe r ;  -r w and qw a r e  the  s h e a r  s t r e s s  
and hea t  f lux at  the  wal l ;  u 1 is  the  c h a r a c t e r i s t i c  v e l o c -  
i ty  for  n a t u r a l  convect ion;  6 is  the  bounda ry  l a y e r  t h i c k -  
h e s s  ; 0 is  the  d i f f e r e nc e  be tween  the bounda ry  l a y e r  
a n d f r e e  s t r e a m ;  0 w is  the  t e m p e r a t u r e  d i f f e r ence  b e -  
tween  the wal l  and the f r e e  s t r e a m ;  Ra is the  m e a n  
Ray le igh  number .  
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